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A study is made of the number of cycles of length k which can be produced by a 
general n-stage feedback shift register. This problem is equivalent to finding the 
number of cycles of length k on the so-called de Bruijn-Good graph (Proc. K. Ned. 
Akad. Wet. 49 (1946), 758-764; J. London Math. Sot. 21 (3) (1946) 169-172). 
The number of cycles of length k in such a graph is denoted by ,!?(n, k). From the- 
de Bruijn-Good graph, it can be shown that P(n, k) is also the number of cyclically 
distinct binary sequences of length k which have all k successive sets of n adjacent 
digits (called “n windows”) distinct (the sequence to be considered cyclically). 
After listing some known results for /3(n. k), we show that 
/3(k - 3, k) = P(k k) - 2$,,, + 2 for k>5, 
where $k,r g the number of integers 1< k such that (k, I) < r, and (k, 1) denotes the 
greatest common divisor of k and 1. From the results of several computer programs, 
it is conjectured that 
P(k - 4, k) =P(k, k) - 4&, - 2(k, 2) + 10 (k > 813 
B(k - 5, k) = P(k k) - 8#,., - (k 3) + 19 (k> 111, 
/3(k - 6, k) ==/3(k, k) - 16#,,, ~ 4(k, 2) ~ 2(k, 3) + 48 (k > 15). 
1. INTRODUCTION 
The nth order binary de Bruijn-Good [ 1,2] graph G, is a graph of all 
possible transitions of an n-stage binary feedback shift register [3, lo]. 
Graph G, is a directed graph on 2” vertices labelled with binary n tuples 
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FIG. 1. The first four de Bruijn graphs, (a) G,, (b) G,, (c) G,, (d) G,. 
(b, > b, >..., b,-,), b, E (0, l}, with 2”” directed edges located so that each 
vertex (b, ,..., b,_ ,) has two edges directed out [one to vertex 
(b,, bz,..., he,, 1) and the other to vertex (b,, b, ,..., b,-, , O)] and so, also, 
has two edges directed in [one from vertex (1, b,, b, ,..., b,-,) and the other 
from vertex (0, b,, b, ,..,, b,-,)I. The graphs G,-G,, for example, are shown 
in Fig. 1. 
An unsolved problem is to enumerate the number of directed cycles of 
length k in G,, which we denote by /I(n, k). By inspection of Fig. 1, the 
TABLE I 
Values of /?(n, k) for ra ( 4, Obtained by Inspection of Fig. 1 
k 
1 2 3 4 5 6 1 8 9 10 11 12 13 14 15 16 
1 2100000000000000 
2 2121000000000000 
3 2123234200000000 
4 2 12 3 6 1 8 12 14 17 14 13 12 20 32 16 
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values shown in Table I may be obtained, while in Table II we show a rather 
wider range of values of P(n, k), obtained using the following known results: 
(a) for k > 2”, /?(n, k) = 0 (obvious since G, has only 2” vertices), 
(b) for k<2”, ,O(n, k) > 0 [ll], 
(c) &z, 2”) = 22”m1-7 I], 
(4 P(n, 2” - 1) = 2P(n, 2”) [41, 
(e) for n > k, /l(n, k) =P(k, k) = vk, where vk is defined by 
&k dv, = Zk [121, 
(0 P(n, k) <P(n + 1, k) 141, 
(is> P(k- Lk)=P(k,k)=v, 151, 
(h) ,!?(k - 2, k) = vk - tik. where #, is Euler’s totient function denoting 
the number of integers less than or equal to k and relatively prime to k [5]. 
In this article, we prove the following result (see Section 4): 
THEOREM. For k > 5, P(k - 3, k) = vk - 2#k,Z + 2, where #k.r is defined 
to be the number of integers I< k satisfying (k, 1) < r, where (k, I) denotes 
the greatest common divior of k and 1. 
We also discuss, in Section 5 Conjectures l-3. 
Conjecture 1. For k > 8, /?(k - 4, k) = vk - 4#,,, - 2(k, 2) + 10. 
Conjecture 2. For k > 11, ,B(k - 5, k) = vk - 8#k,4 - (k, 3) + 19. 
Conjecture 3. For k 3 15, P(k - 6, k) = vk - 16gkT5 - 4(k, 2) - 2(k, 3) + 48. 
The techniques we use for proving our results rely upon the following 
observation: the number /3(n, k) is easily seen to be the number of cyclically 
distinct binary sequences of length k each of which has all k successive sets 
of n adjacent digits (called “n windows”) distinct (the sequence to be 
considered cyclically). We shall call such a binary sequence an “[n, k] 
sequence.” Thus, (0 0 1 0 1 1) is a [3, 61 sequence (corresponding to the 6 
cycle {(OOI), (OlO), (lOI), (Oil), (llO), (100)) on G3), but is NOT a [2,6] 
sequence (since the sequence of six 2 windows {(00), (Ol), (lo), (Ol), (ll), 
(lo)} are not all distinct and so do not define a cycle of length six on G,). 
2. RESULTS (e) AND (f) 
Elspas’s result (e) [ 121 may be shown as follows: Note that vk is the 
number of cyclically distinct binary sequences having no internal periodicity. 
We show that such sequences are in fact our [k, k] sequences. First, since a 
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sequence of length k having internal periodicity p (where p / k and p < k) 
cannot be an [n, k] sequence for any n (each II window, for any n, is 
repeated at least k/p times), then ,/3(n, k) < rk, for all n. Second, if n > k, 
then, since the equality of two n windows would imply the equality of two k 
windows, and so imply internal periodicity, we have that ,f?(n, k) > vk for 
n > k. Hence, result (e). Result (f) follows immediately when it is realised 
that any [n, k] sequence is also an [n + 1, k] sequence, for any n and k. 
3. RESULT (g) AND (h) 
The proof of our theorem relies heavily upon the extension of techniques 
used in [5] to prove results (g) and (h). Hence, we start by proving these 
results again. Our basic technique is to study “when is a [k, k] sequence 
NOT an [n, k] sequence ?” Let us call a [k, k] sequence which is NOT an 
[n, k] sequence an [n, k] sequence, and denote the number of cyclically 
distinct [n, k] sequences by P(n, k). Then, we obviously have 
,@, k) + ,&h k) = vk* (1) 
Since an [n, k] sequence may be typified as being a sequence of length k 
having no internal periodicity but having at least two equal n windows, we 
enumerate /3(n, k) by constructing, for successive values of 1, [k, k] sequences 
having two equal n windows distance 1 apart. Let us call such a sequence an 
[n, k] I sequence, and denote their number by P(n, k),. Without loss of 
generality, we may suppose the two equal II windows to be the first 
(b,, b, ,..., b,-,) and the (I+ 1)th (b,, bltl ,..., b,+,_,). Their equality 
produces the set of PZ equations, 
bi= bit, (i = 0, l,...) n - 1). (2) 
To study the implications of these II equalities, we point out that they are 
a subset of the set of k equalities which would be obtained if we assumed the 
first k window to be equal to the (I+ 1)th k window. These equalities are 
bi = bit, (i = 0, l,..., k - 1). (3) 
If we denote (k, 1) = g, and write k = k, g. I= 1, g, then the k equations 
(3) may be represented by the graph of Fig. 2, in which the k vertices 
numbered zero to (k - 1) are interconnected by edges in such a way that two 
vertices whose numbers differ by I(modulo k) have an edge between them. 
Thus, each edge of Fig. 2 represents one of the k equations (3). We see that 
Fig. 2 consists of g “g cycles,” and that if we number these g cycles 
0, l,..., (g - 1) from left to right, then the ith g cycle consists of all terms in 
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FIG. 2. The g cycles, where (n, k) 6 g, n = n, g, and k = k, g. 
0 < Y < k - 1 which are congruent to i modulo g. Figure 2 illustrates how 
the k equations (3) may be written as the following set of g “equality 
chains”: 
b, = b, = b,, = A.. = bck,+),, 
b, =b,+f=bi+zl= ... =h+(,c-w 
b -b g-1 - -b (g-l)+/- (g-1)+2/= ... =b (y-l)+(k~-lll’ 
(4) 
If we now consider our y1 equations (2), these are a subset of set (3), the 
equations deleted being the (k - n) equations corresponding to 
i= it, (n + 1) ,..., (k - 1). We denote (k-n) by m. Thus, Eqs. (2) may be 
represented by a subgraph of Fig. 2, namely, the graph obtained by deleting 
the following m edges from Fig. 2: 
the edge between (k - 1) and (I - 1) on g cycle number (g - l), 
the edge between (k - 2) and (I - 2) on g cycle number (g - 2), 
the edge between (k - m) and (1- m) on g cycle number (g - m). 
As indicated, these m deleted edges lie on successive g cycles, starting with 
number (g - 1) (on the right), and working successively from right to left. 
Note first that if m < g, then the effect of deleting the m equations from set 
(3) to give set (2) is immediately seen to be none, since the deleted m 
equalities are nevertheless still implied by the remaining PZ equalities. Thus, 
we see straightaway that we can have no [n, k] I sequences if (k, 1) > (k - n). 
This gives us our result (g), /3(k - 1, k) = /?(k, k), since here, m = 1 and we 
shall always have (k, I) > 1 for all possible 1; hence, we shall have 
P(k - 1, k) = 0 and (g) follows from Eq. (1). 
Let us now study how result (h), namely, /?(k - 2, k) = vk - #k may be 
derived. We wish to show that P(k - 2, k) = #k. Since we h,ave m = 2, then 
from our discussion we may limit our attention to [k - 2, k], sequences for 
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LENGTH OF CHAIN 
IS a WHERE 
FIG. 3. Representation of the equality chains for g = 1, m = 2. 
only those I having (k, I) = g = 1. In this case, Fig. 2 becomes Fig. 3. If we 
denote the length of the equality chain between (I - 1) and (k - 2) by a, then 
we must have 
al-l-k-2 (modulo k), 
i.e., (5) 
al--l (modulo k). 
Let us now consider assigning zeros and ones to our two equality chains 
in all possible 22 = 4 ways. Two of these assignments, the all zeros and the 
all ones, give us sequences of periodicity p = 1. Hence, these are not 
[k - 2, k] I sequences. 
Consider the remaining two assignments: 
(i) They can produce no internal periodicity. For if they did, say p 
with pq = k(q > l), then if the weight (i.e., the number of ones) of one of the 
periods is w, then the weight of the whole sequence would be wq and we 
would have (using (5)) (where congruencies are all modulo k) 
either wq=a*wql=-1, 
or wq=k-u+wql-+l, i 
*q/i 1 (sinceqlk). 
Either is impossible, since q > 1. 
(ii) Here, 1 and (k - I) produce the same two sequences; note that 
which one depends upon which n window is considered to be first. 
(iii) With the exception of (ii), different values of 1 produce cyclically 
distinct sequences. For, otherwise, two cyclically equivalent sequences 
arising from 1, and I,, say, would have the same weights a or (k - a). Use of 
Eq. (5) for I, and I, yields either I, = I, or 1, + 1, = k; i.e., I, = k - 1,. 
From these considerations we see that [k - 2, k], sesuences may be put 
into l-l correspondence with those 1 such that (k, I) = 1. Hence, 
,!?(k - 2, k) = #kr and result (h) follows from (1). 
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4. THE PROOF OF THE MAIN THEOREM 
THEOREM. For k > 5, /?(k - 3, k) = vk - 24,,, + 2. 
ProoJ From result (ii) in Section 3, that I and (k - Z) produce the same 
[k - m, k] I sequences, we need only consider values of I satisfying 
1 < I < [k/2], where [.I indicates “the integer part of.” Again from our 
discussion in Section 3, since we have m = 3, we need only consider those Z 
in this interval 1 < I < [k/2] having (k, Z) = 1 or (k, Z) = 2. 
For (k, Z) = 1, we get Fig. 4. In this picture, we have denoted the ends of 
the first two equality chains by (k - r,) and (k - r,). We know that we have 
either [F;] = [ :] or [:;I = [:I. Th e order will depend on the particular Z 
being considered. We have indicated the length of the three equality chains 
as a, p, and (k - a - ,f3), and we shall have 
al- 1 c--r1 and /3Z - rl = -rz 
If we take [F;] = [ : 1, we obtain 
r a k-Z-’ 
I P 
I=[ 
k-l-’ 
Lk-a-, P 21-l -k 
While if we take [:;I = [ i 1, we obtain 
(modulo k). 
I. 
(Note, since (k, Z) = 1; we have a unique solution (modulo k) to the equation 
Ix G 1 (modulo k); we denote this solution by I-‘.) Thus, we have [ :;I = [ : ] 
LENGTH OF FIRST 
CHAIN IS a WHERE 
LENGTH OF SECOND CHAIN IS ,8 
WHEREPP - r, = k -r2 
FIG. 4. Representation of the equality chains for g = 1, m = 3. 
582a/35/2-4 
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3L-2 
THIRD EQUALi 
k- I 
c 
LENGTH OF 
34..-1-3 
21-3 
FIG. 5. Representation of the equality chains for g = 2, m = 3. 
if 21-l > k and [ :;I = [ : ] if 21-l < k. In [ 131 we have shown (as the main 
result of the article) that /?(k - 3, k), = 2’ = 4 for all 1 such that (k, I) = 1. 
In Lemma 1 (Appendix), we prove that /3(k - 3, k), = 4 for all 1 with 
(k, I) = 2. This relies on the picture in Fig. 5, and the following 
considerations: If we denote the length of the first equality chain by a, then 
the second is of length (k/2 - a) and the third of length k/2. We shall have 
0 < a < k/2 and 
al- 1 r-3 (modulo k), 
i.e., 
a(l/2) fit -1 (modulo k/2). 
Since (k, Z) = 2, then (k/2, l/2) = 1, and we may define the unique integer 
(modulo k/2): (l/2)-‘. Then the length of the three equality chains become 
The question of the possibility of different /‘s generating cyclically 
equivalent [k - 3, k] I sequences must now be investigated. This investigation 
is in Lemmas 2-3, 5, with the result that only when 1, = I and I, = 2 are 
cyclically equivalent [k - 3, k] , sequences generated, when there are 
precisely two such sequences. From this it immediately results that 
,L?(k - 3, k) = 4 { number of Ps in 1 < I< [k/2] with (k, I) < 2) - 2. But for 
k > 4, we have that {number of I’s in 1 < 2 Q [k/2]} = &dk,*. Hence, for 
k > 4, ,!I(k - 3, k) = 2$~~ - 2, and the result for P(k - 3, k) follows from 
Eq. (1). 
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5. DISCUSSION OF RESULTS AND CONJECTURES 
From the proof of the theorem we see that the coefficient 2 in 24,,, is just 
(:)/I@ - 3, k), for 1 such that (k, I) = 1 or 2. In [ 131, we have proved that for 
all 1 such that (k, 1) = 1, and for k/2 > (m - I), then /3(k- m, k), = 2”-‘. 
We also conjecture this result for all I such that (k, I) < m < (k/2) + 1. 
The term (-2) in the formula for P(k - 3, k) comes from subtracting those 
[k - 3, k] I sequences which occur for two or more values of 1 (what we may 
call “intersecting I)s”). From Lemmas 2 and 5, these intersecting values of I 
are I, = 1, I, = 2. Let us define {L} to be the set of integers (1, 2,..., [k/2]} in 
some order, and then define the set [k - m, k] (.cL, to be the set [k - m, k] , 
but excluding any [k - m, k] sequence which has been generated by an Ii 
preceding 1 in the ordered set {L}. We denote the cardinality of the set 
(k - m7 k),,fLl by P(k - w W,.l,l. It is obvious that for any ordering {L), we 
may write 
,!?(k - m, k) = z, P(k - my k)l.tL,. 
Let us take {L} to be in descending order, i.e., 
{L} 4 {[k/2], [k/2] - l,..., 2, 1). In Tables III-VII, we show some 
TABLE III 
Values of (k - 3, k),,,,, for 1(!<8and5<k<18 
k n ,B(n, k) 1 2 3 4 5 6 7 8 
5 2 6 2 4 
6 3 6 2 4 
7 4 10 2 4 4 
8 5 10 2 4 4 
9 6 10 2 4 - 4 
10 7 14 2 4 4 4 
11 8 18 2 4 4 4 4 
12 9 10 2 4 4 
13 10 22 2 4 4 4 4 4 
14 11 22 2 4 4 4 4 4 
15 12 14 2 4 4 - - 4 
16 13 22 2 4 4 4 4 4 - 
17 14 30 2 4 4 4 4 4 4. 4 
18 15 22 2 4 4 4 4 4 
Note. (L} e ((k/2)), ((k/2)) - l,..., 2, I]. 
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TABLE IV 
Values of ,f?(k - 4, k),,(,) for 1<1<9 and 7<k<20 
k n ml 2 3 4 5 6 18 9 
7 3 14 2 4 8 
8 4 18 4 6 8 
9 5 24 4 4. 8 8 
10 6 26 4 6 8 8 
11 7 32 4 4 8 8 8 
12 8 26 4 6 8 - 8 
13 9 40 4 4 8 8 8 8 
14 10 42 4 6 8 8 8 8 
15 11 40 4488-88 
16 12 42 468-888 
17 13 56 4 4 8 8 8 8 8 8 
18 14 50 4 6 8 8 8 - 8 8 
19 15 64 4 4 8 8 8 8 8 8 8 
20 16 42 468--88-8 
Note. {L} & {[k/2]), [k/2] - l,..., 2, 1). 
TABLE V 
Values of fi(k - 5, k),.fL, for l+t#lOand9<k<22 
k n /3h k) 1 2 3 4 5 6 7 8 9 10 
9 4 42 6 10 10 16 
10 5 42 6 8 12 16 
11 6 62 8 10 12 16 16 
12 1 64 8 10 14 16 16 
13 8 78 8 10 12 16 16 16 
14 9 78 8 10 12 16 16 16 
15 10 80 8 10 14 16 - 16 16 
16 11 94 8 10 12 16 16 16 16 
17 12 110 8 10 12 16 16 16 16 16 
18 13 98 8 10 14 16 16 - 16 16 
19 14 126 8 10 12 16 16 16 16 16 16 
20 15 110 8 10 12 16 - 16 16 16 16 
21 16 128 8 lo 14 16 16 16 - 16 16 16 
22 17 142 8 10 12 16 16 16 16 16 16 16 
Note. (L) & {[k/2]}, [k/2] - l,..., 2, 1). 
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TABLE VI 
Values of P(k - 6, k),.,,, for I</<11 and ll(k<24 
k n m 1 2 3 4 5 6 7 8 9 10 11 
11 5 108 12 18 22 24 32 
12 6 118 14 18 28 26 32 
13 7 148 14 20 24 26 32 32 
14 8 152 16 20 22 30 32 32 
15 9 186 16 20 28 26 32 32 32 
16 10 186 16 20 24 30 32 32 32 
17 11 214 16 20 24 26 32 32 32 32 
18 12 190 16 20 28 30 32 - 32 32 
19 13 246 16 20 24 26 32 32 32 32 32 
20 14 250 16 20 24 30 32 32 32 32 32 
21 15 250 16 20 28 26 32 32 - 32 32 32 
22 16 282 16 20 24 30 32 32 32 32 32 32 
23 17 310 16 20 24 26 32 32 32 32 32 32 32 
24 18 254 16 20 28 30 32 - 32 - 32 32 32 
Note. {L} b {[k/2]}, [k/2] - l,..., 2, 1). 
TABLE VII 
Values of /?(k - 7, k),,,,, for 1<1<12and 13<k,<24 
k n /3(n, k) 1 2 3 4 5 6 7 8 9 10 11 
13 6 
14 7 
15 8 
16 9 
17 10 
18 11 
19 12 
20 13 
21 14 
22 15 
23 16 
24 17 
25 18 
26 19 
282 28 38 48 SO 54 64 
284 30 34 46 52 58 64 
356 30 40 SO 54 54 64 64 
362 30 38 48 58 60 64 64 
428 32 40 50 54 60 64 64 64 
426 32 40 50 52 60 64 64 64 
492 32 40 SO 54 60 64 64 64 64 
498 32 40 SO 58 62 64 64 64 64 
492 32 40 50 54 60 64 - 64 64 64 
556 32 40 50 54 60 64 64 64 64 64 
620 32 40 50 54 60 64 64 64 64 64 64 
560 32 40 50 58 60 64 64 - 64 64 64 
Note. (L) e {[k/Z]}, [k/2] - l,... 1 2, 1 }. 
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/3(k - m, k) values resulting from values of /?(k- m, k),,,lJ1 which were 
obtained by computer for values of m from 3-7, which we now discuss In 
Table III, we see that all nonzero values of ,Qk - 3, k)(,[,, are four (i.e., 
2+‘) except those in the column for I= 1, which are two. But we know 
from the main result in [ 131, that ,Q[k - 3, k] i = 4. This difference of 
4 - 2 = 2 between ,Qk - 3, k), and P(k- 3, k)l,,L) is accounted for by 
Lemmas 2 and 5; i.e., two of the [k - 3, k] I sequences have already been 
produced as [k - 3, k] 2 sequences. 
To conjecture values of P(k - m, k), we may study Tables IV-VII (for 
m = 4,..., 7) and try and see how the nonzero values of ,f?(k - m, k),.,,, differ 
from the (conjectured) value of 2m-’ for /?(k - m, k),. 
From Table IV 
For m = 4, we see that differences occur for 1= 2 and I= 1 and that for 
k > 8 the total of such differences is either six or eight depending upon 
whether k is even or odd. This may be written as 10 - 2(k, 2). Hence, 
Conjecture 1, for k > 8 P(k - 4, k) = vk - 4#,., - 2(k, 2) + 10. 
From Table V 
For m = 5, we see that differences occur for I= 3, l= 2 and I= 1, and 
that for k > 11 the sum of the three differences is either 16 or 18, depending 
upon whether k is divisible by three or not. This may be written as 
19 - (k, 3). Hence, Conjecture 2, for k> 11. /?(k - 5, k) = 
vk - 8&, - (k, 3) + 19. 
From Table KI 
For m = 6, we see that differences occur for l= 4, I= 3, I= 2, and I= 1, 
and that for k > 15, the sum of the four differences may be written as 
48 - 4(k, 2) - 2(k, 3). Hence, Conjecture 3, that for k > 15, P(k - 6, k) = 
vk - 16$k,5 - 4(k, 2) - 2k, 3) + 48. We do not feel that Table VII is complete 
enough to enable a conjecture to be made for ,D(k - 7, k). 
APPENDIX 
LEMMA 1. For (k, 1) = 2 and k > 5, /?(k - 3, k), = 4. 
Proof: The proof consists of three parts. (a) We first show that the only 
minimum internal periodicities which can be generated are p = 1 or p = 2. 
(b) Next we show that the only assignments of binary numbers to the three 
equality chains which produce these periodic sequences are (000) (111) for 
p = 1 and (OOl), (110) for p = 2. (c) The remaining four assignments (OlO), 
(01 l), (loo), and (101) are shown to produce cyclically distinct [k - 3, k], 
sequences, and so the result of Lemma 1 follows immediately. 
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Proof of (a). Suppose first that the sequence has an odd minimum 
periodicity. Then the periodicity relation bi = biip, equates an even term 
with an odd term. But the 0th g cycle (see Fig. 5) equates all even terms to 
each other. Hence, all the terms will be equal, giving p = 1. 
Now, suppose the minimum periodicity p is even, and consider the 
sequence {ci} made up of the odd numbered bi elements, i.e., ci & bZi,, . This 
{ci} sequence is of length k/2, and consists of the bi elements in the 1st 
(right-hand) g cycle of Fig. 5. These bi elements are related by bzi+, = 
b2i+l+/=b2(i+ll*j+l (i = 0, l,..., ((k/2) - 3), i.e., ci = c~+,,~. Further, since 
Ci=b2i+l+p=b2ci+l/2)+1=Ciipl2, the {ci) sequence has periodicity p/2. 
Thus, the {ci) sequence has two equal ((k/2) - 2) windows distance l/2 
apart, and has periodicity p/2. In [ 13, Lemma 31, we showed that such a 
situation could occur only if p/2 = 1, provided (k/2)/2 > 2 - 1 = 1 i.e., 
provided k > 4. Hence for k > 4, peVen = 2. Thus, we have proved (a). 
Proof of (b). It is obvious that the only assignments to produce p = 1 
(all zeros or all ones) are (000) and (111). Further, for p = 2; we either have 
all even terms zero and all odd terms unity or vice versa. These correspond 
to the two assignments (110) and (OOl), respectively. 
Proof of (c). The weights of the sequences produced by the remaining 
four assignments are given as follows: 
(i) assignment (010) weight (l/2)- ’ (inversion modulo k/2), 
(ii) assignment (011) weight (k/2) + (l/2)-‘, 
(iii) assignment (100) weight (k/2) - (l/2)- I, 
(iv) assignment (101) weight k - (l/2)-‘. 
By equating these weights in all possible pairs, we find that the four 
sequences must be cyclically distinct, the proof for the cases of (i) = (iii) and 
(ii) = (iv) giving th e most difficulty. In these cases equality would imply 
2(1,/2)-i = (k/2). But since (k, I) = 2, then (k/2,1/2) = 1, and SO (k/2, 
(1/2)-i) = 1 also. Hence, equality would imply (k/2) / 2, which is impossible 
if k > 4. 
LEMMA 2. For k > 5, any two different values of 1, (1, and I,, say, with 
1, < 1J such that (k, 1,) = (k, II) = 1, 1 ,< 1, < [k/2]; 1 < 1, < [k/2], produce 
cyclically distinct [k - 3, k] [ sequences except for the case when k is odd and 
1, = 1, 1, = 2. In this case, two of the 1, sequences are cyclically equivalent to 
two of the It sequences, the two sequences being cyclic shifts of the sequences, 
(0, 0 ,..., 0, 1) and (1, I,..., 1, 0). 
Proof Denote the two sequences generated by l,, I,, respectively, by {ai} 
and (bi}. Since (k, I,) = (k, It) = 1 we have the situation of Fig. 4 for each 
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sequence. Then the three equality chains for each sequence (see Fig. 4) 
become (suffices taken moduio k), 
where rsi, rsZ E {2, 3}, rs, f rs2, and 
b kr,, =b 21,-r,] - - s.. = bk+ 
b ‘,-r,2 =b 2/,- 1’,% = . . * =b k-l, 
where r fl y rt2 E R3 1, rfl + rf2 ~ 
For each sequence, of the eight (=23) possible ways of assigning zeros and 
ones to the three equality chains, two of them (the all zeros and all ones 
assignments) are of no interest since they generate sequences with internal 
periodicity p = 1. Each of the remaining six assignments will reduce each of 
the three equality chains to the relations 
al,-w=a21,-w=a3/,-,,:=“‘=ak-x- - 1, 
a,*-, = a2,,-x = ... = akWW = 0, 
where W, x f { I, 2, 3 }, w # x, and 
bltey = bzl,+, = ‘.. = bkp2 = 1, 
b 1,-z = b+; = ... = b,-, = 0, 
wherey,zE {1,2,3},y#z. 
Suppose that the two sequences are cyclically equivalent, i.e., suppose 3~ 
(O<c<k-- I) such that ai=bi+, Vi. Then we may rewrite the first pair of 
the equalities in terms of the b sequence as follows: 
b+,,+c = bzi,-,,,+c = 9.. = bk-.Trc = 1, 
b,-.yic = b+x+C = ... = bk--M.fc = 0. 
Denote by ,u, the weight (i.e., the number of ones) of each sequence. Then 
there are precisely p bi elements in the first equality chain of each of the 
pairs of equalities. Thus we may write, 
k--X+c=&-w+-c (modk) and k-z=pZ,-y (modk). 
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Then the following sets of integers (taken modulo k), each of cardinality p, 
must be identical sets, but not necessarily in the same order: 
Set 1: {(I, - w + c), (21, - w + c) ,..., &Z, - w + c)}, 
Set 2: ((4 - Y), (21, - Y),..., W, - Y)}. 
Since (I,, k) = (I,, k) = 1 define a = I, 1; ’ (modulo k). The following two sets 
of integers (taken modulo k) must also be identical sets (but not necessarily 
in the same order): 
Set 3: ((1 + l;‘[y- w-t c], [2 + l;‘(y-wfc)],..., [p+l;‘(y-w+c)]}, 
Set 4: {a, 2a, 3a ,..., pet}. 
By taking de 1 + 1; ‘(y - w + c) (mod k) we have a contradiction to 
Lemma 3, provided ,u # 1 or ,u # k - 1, i.e., provided we do not have an 
equality chain of length one. It is, however, quite easy to see that an equality 
chain of length one can only arise in the case of I, = 1, 1, = 2 (k odd). Thus, 
by inspection of these equality chains (for either I, or I,), we see that we only 
have an equality chain of length one if I, and I, satisfy the equation 
I - Y E --s (modulo k), for any Y and s E { 1,2, 3}. 
This yields the following possibilities for 1: 
or 
or 
I=0 (modulo k) 
l=+l (modulo k), 
1=*2 (modulo k). 
The first possibility implies k 1 I, which contradicts (k, I) = 1. The second and 
third possibilities, when taken with 1 < I < [k/2], yield I= 1 and I= 2, 
respectively. Hence, the lemma. 
LEMMA 3. Given any integer k > 5, and two integers p and a satisfying 
2 <,u < k - 2, 2 < a < k - 2, (k, a) = 1, then there exists NO integer d such 
that the following two sets of p integers are identical (module ktnot 
necessarily in the same order: 
Set 1: {a, 2a, 3a,...,PaI, 
Set 2: (d, (d + I), (d + 2),..., (d f P - 1)). 
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Proof We suppose the two sets are identical (not necessarily in the the 
same order) and produce a contradiction. 
Case A. cf < [k/21. 
Case A(i) (a <,u). In this case, the two terms (d + p - a) and 
(d +p - a + 1) both appear in Set 2 (remembering that ,U > 2). Since we 
cannot have both terms congruent to ,~a, then at least one of them is not 
congruent to ,~a. Hence, by consideration of Set 1, if we add a (modulo k) to 
that term, we shall remain in Set 1, and so also adding a (modulo k) to 
(d + ,D - a) or (d + p - a + 1) should keep us within Set 2. When we do this, 
however, we obtain (d + ,D) and (d +,D + l), respectively, both of which lie 
outside Set 2. Hence, we have a contradiction. 
Case A(ii) (U ( a < [k/2]). In this case, if Sets 1 and 2 are identical, so 
must the two complementary Sets 1’ and 2’ be identical: 
Set 1’ : {@ + lb, @ + 2)a, du + 3)a,..., ka}, 
Set 2’: {(d+~),(d+~++),(d+~+22),...,(d+k-1)} 
The cardinality of each set is (k - ,u), and we have (k - ,u) > (k - a) > a 
(since a < [k/2]). H ence, the terms (d + k - a) and (d + k-a + 1) must 
both appear in Set 2’, and so also in Set I’, with at least one of them not 
equal to ka. Hence, as before, adding a (modulo k) to both terms should 
yield at least one term within Set 2’. We obtain, however, (d + k) and 
(d + k + l), i.e., (d) and (d + 1) (modulo k)--both of which lie in Set 2 and 
so outside Set 2’. Hence, we again have a contradiction. 
Case B (a > [k/2]). In this case, define a’ & (k - a) < [k/2]. Then Set 1 
(when considered modulo k) is the same as 
Set 1”: {-a’, -2a’, -3a’,..., -pa’). 
If this set is identical to Set 2, then it follows that the following two sets must 
also be identical-where we have defined d’ & (k - d): 
Set (-1): {a’, 2a’, 3a’,..., pa’}, 
Set (-2): {d’, (d’ - l), (d’ - 2),..., (d’ -p + l)}. 
By defining d” n (d’ -fi + 1) (modulo k), Set (-2) can be written (in 
reverse order) as 
Id”, (d” + l), (d” + 2) ,..., (d” +,u - 1)). 
These two identical sets would now provide a contradiction to Case A of this 
proof. Hence, Lemma 3 follows. 
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LEMMA 4. For k > 5, two values of 1, 1, # I,, such that (k, 1,) = (k, 1,) = 2, 
1 < f, < (k/2), 1 ,< I, < (k/2), produce cyclically distinct ]k - 3, k] , 
sequences. 
ProoJ: We have seen in Section 4 that for (k, 1) = 2, the lengths of the 
three resulting equality chains are 
(inversion is modulo k/2) 
and 
Hence, ignoring the all zeros and the all ones sequences, and the sequence of 
period 2 (weight k/2), the remaining possible weights are 
(k/2) - (44) - I, (l/W, k - (l/2)-‘, 
(k/2) + (l/2)-’ (1 = 1, or 1,). 
Cyclically equivalent sequences must have the same weights. It is easy to 
see, however, that equating weights in all possible pairs gives one of the 
following five requirements for cyclic equivalence: 
0) 4 = 4, 
(ii) (1,/2)-i + (1,/2)-l = k/2, 
(iii) (1,/2)-’ - (1,/2)-’ = k/2, 
(iv) (lJ2)-’ + (lJ2))’ = 0, 
(v) (1,/2))’ + (4/2)-l = k. 
Under the assumed restrictions, 1, # I, and 1 < I, < (k/2), 1 < I, < (k/2), none 
of these possibilities is allowable. Hence, Lemma 4. 
LEMMA 5. If (k, I,) = 1 and (k, 1,) = 2, 1 < I, < (k/2), 1 < 1, < (k/2), 
then cyclically distinct [k - 3, k] ,, and [k - 3, k] ,, sequences are produced 
except when I, = 1 and I, = 2, when two cyclically equivalent such sequences 
are produced. 
Proof First note that since k is even: then I, must be odd, and so if all of 
the I, equality chains are of length greater than one, each such chain will 
equate an even term with an odd term, while the 0th g cycle of 1, equates all 
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even terms. Hence, all terms will be equal (all zeros or all ones) unless at 
least one equality chain is of the length one. 
In Lemma 2, we have shown that this can only happen if 1, = 1 or 2. But 
we cannot have I, = 2, since (1,, k) = 1. Hence, I, = 1 and we get the lengths 
(k - 2, 1, 1) for the three chains. By weight considerations, we see 
immediately that we can only obtain a cyclically equivalent sequence from I, 
for the case I, = 2, giving three I, equality chains of lengths ((k/2) - 1, 1, 
k/2). 
Thus, if we make one of the assignments (0 1 0) (or 0 0 1) to the three 1, 
equality chains, and the assignment (0 1 0) to the three I, equality chains, we 
obtain cyclically equivalent sequences (the “unit-weight” sequence). The 
complementary assignments give the complementary sequences. Hence, 
Lemma 5. 
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